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Kao and Hwang (2008) [Kao, C., Hwang, S.-N., 2008. Efficiency decomposition in two-stage data envelop-
ment analysis: An application to non-life insurance companies in Taiwan. European Journal of Opera-
tional Research 185 (1), 418–429] develop a data envelopment analysis (DEA) approach for measuring
efficiency of decision processes which can be divided into two stages. The first stage uses inputs to gen-
erate outputs which become the inputs to the second stage. The first stage outputs are referred to as
intermediate measures. The second stage then uses these intermediate measures to produce outputs.
Kao and Huang represent the efficiency of the overall process as the product of the efficiencies of the
two stages. A major limitation of this model is its applicability to only constant returns to scale (CRS) sit-
uations. The current paper develops an additive efficiency decomposition approach wherein the overall
efficiency is expressed as a (weighted) sum of the efficiencies of the individual stages. This approach
can be applied under both CRS and variable returns to scale (VRS) assumptions. The case of Taiwanese
non-life insurance companies is revisited using this newly developed approach.

� 2008 Elsevier B.V. All rights reserved.
1. Introduction

Data envelopment analysis (DEA) is an approach for measuring
the relative efficiency of peer decision making units (DMUs) that
have multiple inputs and outputs. As discussed in many DEA stud-
ies, DMUs can have a two-stage structure where the first stage uses
inputs to generate outputs that then become the inputs to the sec-
ond stage. The second stage thus utilizes these first stage outputs
to produce its own outputs. We refer to the first stage outputs as
intermediate measures. For example, banks use labor and assets to
generate deposits which are in turn used to generate loan income
(Chen and Zhu, 2004). Seiford and Zhu (1999) presented a two-
stage process to measure the profitability and marketability of
US commercial banks. In their study, profitability is measured
using labor and assets as inputs, and the outputs are profits and
revenue. In the second stage for marketability, the profits and rev-
enue are then used as inputs, while market value, returns and
earnings per share are used as outputs. Kao and Hwang (2008) con-
sider a set of Taiwanese non-life insurance companies with a two-
stage process of premium acquisition and profit generation. We
should point out that the term two-stage DEA, or sometimes ‘sec-
ond stage’ DEA, is often used in other contexts, specifically when
analyzing the influence of environmental/external/discretionary/
ll rights reserved.

: +1 508 831 5720.
), wcook@schulich.yorku.ca
categorical variables on DEA efficiency scores (see, e.g., Ruggiero
(1998)).

A common approach to the two-stage problem is to apply a
standard DEA model separately in each stage. As noted in Kao
and Hwang (2008), such approaches treat the stages in a two-stage
process as operating independently of one another. Those authors,
therefore, modify the standard DEA model by taking into account
the series relationship of the two stages within the overall process.
Under their framework, the efficiency of the overall process can be
decomposed into the product of the efficiencies of the two stages.
Note that such an efficiency decomposition is not available in the
standard DEA approach.

A closer examination of Kao and Hwang (2008)’s approach re-
veals that their models assume (i) constant returns to scale (CRS)
and (ii) the weights (or multipliers) on the intermediate measures
are the same for the two stages, i.e., the weights on the outputs in
the first stage are assumed to be equal to the weights on the inputs
in the second stage. This assumption permits the conversion of
their original non-linear program into a linear programming prob-
lem. This assumption also links the two stages. Note that if one as-
sumes that the weights on the intermediate measures are not the
same for the two stages, then the resulting model is equivalent to
applying the standard DEA model to each stage independently of
the other stage.

A major limitation of the Kao and Huang model is its inability to
handle the numerous situations wherein the VRS model structure
is required. Problem settings where ‘large’ and ‘small’ DMUs (such
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as would be the case in an analysis of bank branches, for example),
generally require a VRS model structure. To treat this more general
case, we introduce an additive approach for aggregating the stages
in a two-stage process. Specifically, we assume that the overall effi-
ciency of the two-stage process is a (weighted) sum of efficiencies
of the individual stages. We show that by selecting a particular set
of DMU-specific weights, the resulting non-linear model can be
converted into a linear programming problem. As indicated, unlike
the approach of Kao and Hwang (2008), this additive approach en-
ables us to study the efficiency of two-stage processes and the effi-
ciency decomposition under the assumption of either constant
returns to scale (CRS), or variable returns to scale (VRS).

In the section to follow, we briefly present the Kao and Hwang
(2008) approach, and Sections 3 and 4 develop our alternative
methodology under both CRS and VRS assumptions. Section 5 then
applies the new approach to the 24 Taiwanese non-life insurance
companies studied in Kao and Hwang (2008). Conclusions follow
in Section 6.

2. A two-stage DEA model: Constant returns to scale

Consider a two-stage process shown in Fig. 1. Suppose we have
n DMUs, and that each DMUj (j = 1,2, . . .,n) has m inputs to the first
stage, xij, (i = 1,2, . . .,m), and D outputs from this stage, zdj,
(d = 1,2, . . .,D). These D outputs then become the inputs to the sec-
ond stage, and are referred to as intermediate measures. The out-
puts from the second stage are denoted yrj, (r = 1,2, . . .,s). Based
upon the CCR model (Charnes et al., 1978), the (CRS) efficiency
scores for DMUj0 in the first and second stages can be calculated
in the following two CCR models (1) and (2), respectively:

h1
j0
¼max

PD
d¼1gA

dzdj0Pm
i¼1vixij0

s:t:
PD

d¼1gA
dzdjPm

i¼1vixij
6 1; j ¼ 1; . . . ;n ð1Þ

gA
d ; vi > 0

h2
j ¼max

Ps
r¼1uryrj0PD
d¼1gB

dzdj0

s:t:
Ps

r¼1uryrjPD
d¼1gB

dzdj

< 1; j ¼ 1; . . . ;n ð2Þ

gB
d; ur > 0:

The overall CRS efficiency score can be calculated from the follow-
ing CCR model (3)

max

Ps
r¼1uryrj0Pm
i¼1vixij0

s:t:
Ps

r¼1uryrjPm
i¼1vixij

6 1; j ¼ 1; . . . ;n

vi;ur > 0:

ð3Þ

In Kao and Hwang’s (2008) two-stage DEA approach, it is required
that the input of the second stage to be the expected output of
mixij ,,,,2,1, = Ddzdj ,...,2,1, =

Stage 1 

sryrj ,...,2,1, =

Stage 2 

njDMU j ,...,2,1, =

Fig. 1. Two-stage process.
the first stage, i.e., given the inputs to the first stage xij, that stage
yields the optimal intermediate measure

PD
d¼1g�dzdj which is then

used as the (aggregated) input in the second stage. Thus, Kao and
Huang assume that gA

d ¼ gB
d ¼ gd, and their model for measuring

the overall efficiency of a DMU is given by

hj0 ¼max
PD

d¼1gdzdj0Pm
i¼1vixij0

�
Ps

r¼1uryrjPD
d¼1gdzdj

¼
Ps

r¼1uryrj0Pm
i¼1vixij0

s:t:
PD

d¼1gdzdjPm
i¼1vixij

< 1; j ¼ 1; . . . ;n

Ps
r¼1uryrjPD
d¼1gdzdj

< 1; j ¼ 1; . . . ; n

vi;ur ;gd > 0:

ð4Þ

Note that
PD

d¼1
gdzdjPm

i¼1
vixij
6 1 and

Ps

r¼1
ur yrjPD

d¼1
gdzdj

6 1 imply that
Ps

r¼1
ur yrjPm

i¼1
vixij
6 1.

Therefore, the redundant constraint
Ps

r¼1
ur yrjPm

i¼1
vixij
6 1 is not included in

Kao and Hwang’s (2008) model (4).
It can be seen from the objective function of model (4) that the

overall efficiency is the product of the efficiencies of the two

stages, i.e., h1
j0
� h2

j0
¼
Ps

r¼1
u�oyrj0Pm

i¼1
v�oxij0

¼ hj0 , where h1
j0
¼
PD

d¼1
g�

d
zdj0Pm

i¼1
v�

i
xij0

and

h2
j0
¼
Ps

r¼1
u�r yrjPD

d¼1
g�

d
zdj

and (�) denotes optimal value from model (4).

NotegA
d ¼ gB

d is a key and rational assumption in that the value ac-
corded the outputs from the first stage should reasonably be as-
sumed as their value when they assume the additional role as
inputs to the second stage. Without this assumption, model (4) be-
comes a non-linear program, as the terms

PD
d¼1gA

dzdo andPD
d¼1gB

dzdo cannot be cancelled in the objective function. Also, with-
out this assumption, solving model (4) is equivalent to applying the
CCR model to stages 1 and 2 independently, and then taking the geo-
metric mean of the two CCR efficiency scores. Throughout the paper
we therefore maintain Kao and Hwang’s (2008) assumption thatPD

d¼1gdzdo is to be the same for the two stages.
As indicated, the Kao and Hwang (2008) model is restricted to

CRS situations. In the interest of modeling two-stage processes in
a more general way, and specifically to allow for VRS settings, we
propose that rather than combine the stages in a multiplicative
(geometric) manner as in Kao and Huang, we use a weighted addi-
tive (arithmetic mean) approach.

As will be explained below, the multiplicative and additive
models are two different, but equally valid ways of aggregating
the components of a two-stage process. Thus, we propose to define
overall efficiency of the two-stage process as

w1 �
PD

d¼1gdzdj0Pm
i¼1vixij0

þw2 �
Ps

r¼1uryrj0PD
d¼1gdzdj0

; ð5Þ

where w1 and w2 are user-specified weights such that w1 + w2 = 1.
These weights are not optimization variables, but rather are func-
tions of the optimization variables.

We thus propose deriving the overall efficiency of the process
by solving the following problem:

max w1 �
PD

d¼1gdzdj0Pm
i¼1vixij0

þw2 �
Ps

r¼1uryrj0PD
d¼1gdzdj0

" #

s:t:
PD

d¼1gdzdjPm
i¼1vixij

6 1
Ps

r¼1uryrjPD
d¼1gdzdj

6 1

gd;ur ; vi P 0; j ¼ 1;2; . . . ;n:

ð6Þ

It is observed that model (6) cannot be turned into a linear program
using the usual Charnes and Cooper (1962) transformation. For
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example, if we let t1 ¼ 1Pm

i¼1
vixij0

, t2 ¼ 1PD

d¼1
gdzdj0

, and set p1
d ¼ t1 � gd,

xi = t1 � vi, lr = t2 � ur, p2
d ¼ t2 � gd, then the transformations

p1
d ¼ t1 � gd and p2

d ¼ t2 � gd imply a linear relationship between p1
d

and p2
d , namely, p1

d ¼
P

i
xixij0P

k
p1

k
zkj0

� p2
d . Then, model (6) becomes

max bw1 �
XD

d¼1

p1
dzdj0 þw2 �

Xs

r¼1

lryrj0
c

s:t:
Xm

i¼1

xixij �
XD

d¼1

p1
dzdj P 0

XD

d¼1

p2
dzdj �

Xs

r¼1

lryrj P 0

Xm

i¼1

xixij0 ¼ 1

XD

d¼1

p2
dzdj0 ¼ 1

p1
d ¼

P
ixi � xi;j0P
kp1

k � zk;j0

� p2
d

p1
d ;p

2
d;lr ;xi P 0; j ¼ 1;2; . . . ;n;

ð7Þ

which is a non-linear program. We, therefore, seek an alternative
way to convert model (6) into a linear form, by appropriate choice
of the w1 and w2.

Note that w1 and w2 are intended to represent the relative
importance or contribution of the performances of stages 1 and
2, respectively, to the overall performance of the DMU. One argu-
ment is that the ‘size’ of a stage reflects its importance, (as mea-
sured by its weight). One reasonable representation of size is the
portion of total resources devoted to each stage. LettingPm

i¼1vixij0 þ
PD

d¼1gdzdj0 represent the total size of (amount of re-
sources consumed by) the two-stage process, and

Pm
i¼1vixij0 andPD

d¼1gdzdj0 , the sizes of the stages 1 and 2 respectively, we define

w1 ¼
Pm

i¼1vixij0Pm
i¼1vixij0 þ

PD
d¼1gdzdj0

and

w2 ¼
PD

d¼1gdzdj0Pm
i¼1vixij0 þ

PD
d¼1gdzdj0

:

Then, the objective function of model (6) becomesPD
d¼1gdzdj0 þ

Ps
r¼1uryrj0Pm

i¼1vixij0 þ
PD

d¼1gdzdj0

ð9Þ

Under the constant returns to scale case, model (6) becomes

max

PD
d¼1gdzdj0 þ

Ps
r¼1uryrj0Pm

i¼1vixij0 þ
PD

d¼1gdzdj0

s:t:
PD

d¼1gdzdjPm
i¼1vixij

6 1
Ps

r¼1uryrjPD
d¼1gdzdj

6 1

gd;ur ; vi P 0; j ¼ 1;2; . . . ;n:

ð10Þ

Using the Charnes–Cooper transformation, model (10) is equivalent
to

max
Xs

r¼1

lryrj0
þ
XD

d¼1

pdzdj0

s:t:
XD

d¼1

pdzdj �
Xm

i¼1

xixij 6 0

Xs

r¼1

lryrj �
XD

d¼1

pdzdj 6 0

Xm

i¼1

xixij0 þ
XD

d¼1

pdzdj0 ¼ 1

pd;lr;xi P 0; j ¼ 1;2; . . . ; n:

ð11Þ
It is important to point out that in dealing with multiplicative pro-
cesses (two-stage here), one can view both the Kao and Huang mod-
el and that presented herein ((10) or (11)) as mechanisms for
aggregating the components that make up that process. The process
can be viewed as a box. The initial inputs xij enter the box and the
final outputs yrj leave the box. The measures inside the box are all of
an intermediate type. Kao and Huang choose to take the geometric
mean of the efficiency scores of the two components of the serial
process. This turns out to be equivalent to optimizing the ratio of
the (weighted) final output exiting the box to (weighted) initial in-
puts entering the box. Our approach is to take the weighted arith-
metic mean of the efficiencies of the components. This is
equivalent to aggregating the outputs of all the components and
dividing this by the aggregate of the inputs of those components.
This is the essential difference between the two approaches.

Once we obtain an optimal solution to (11), we can calculate
efficiency scores for the two individual stages. However, model
(11) can have alternative optimal solutions. As a result, the decom-
position of the overall efficiency defined in (5) may not be unique.
We here follow Kao and Hwang’s (2008) approach to find a set of
multipliers which produces the largest first (or second) stage effi-
ciency score while maintaining the overall efficiency score.

We therefore propose the following procedure. Given the over-
all efficiency obtained from (11) (denoted as ho), we calculate
either the first stage’s efficiency ðh1�

j Þ or the second stage’s effi-
ciency ðh2�

j Þ first, and then derive from that the efficiency of the
other stage.

In case the first stage is to be given pre-emptive priority, the fol-
lowing model determines its efficiency ðh1�

o Þ, while maintaining the
overall efficiency score at ho calculated from model (11),

h1�
o ¼max

PD
d¼1gdzdj0Pm
i¼1vixij0

s:t:
PD

d¼1gdzdjPm
i¼1vixij

6 1

Ps
r¼1uryrjPD
d¼1gdzdj

6 1

PD
d¼1gdzdj0 þ

Ps
r¼1uryrj0Pm

i¼1vixij0 þ
PD

d¼1gdzdj0

¼ h0

gd; ur; vi P 0; j ¼ 1;2; . . . ; n

ð12Þ

or equivalently,

h1�
o ¼max

XD

d¼1

pdzdj0

s:t:
XD

d¼1

pdzdj �
Xm

i¼1

xixij 6 0

Xs

r¼1

lryrj �
XD

d¼1

pdzdj 6 0

ð1� hoÞ
XD

d¼1

pdzdj0 þ
Xs

r¼1

lryrj0
¼ ho

Xm

i¼1

xixij0 ¼ 1

pd;lr ;xi P 0; j ¼ 1;2; . . . ;n:

ð13Þ

The efficiency for the second stage is then calculated as

h2
o ¼

ho �w�1 � h
1�
o

w�2
;

where w�1 and w�2 represent optimal weights obtained from model
(11) by way of (8).
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Note that we here use (�) in h1�
o to indicate that the efficiency of

the first stage is given the pre-emptive priority and is optimized
first. In this case, the resulting second stage efficiency score is de-
noted as h2

o.
In case the second stage is to be given pre-emptive priority, the

following model determines the second stage’s efficiency ðh2�
o Þ

while maintaining the overall efficiency score at ho calculated from
model (11),

h2�
o ¼max

Ps
r¼1uryrj0PD
d¼1gdzdj0

s:t:
PD

d¼1gdzdjPm
i¼1vixij

6 1
Ps

r¼1uryrjPD
d¼1gdzdj

6 1

PD
d¼1gdzdj0 þ

Ps
r¼1uryrj0Pm

i¼1vixij0 þ
PD

d¼1gdzdj0

¼ ho

gd; ur; vi P 0; j ¼ 1;2; . . . ; n:

ð14Þ

Model (14) is equivalent to

h2�
o ¼max

Xs

r¼1

lryrj0

s:t:
XD

d¼1

pdzdj �
Xm

i¼1

xixij 6 0

Xs

r¼1

lryrj �
XD

d¼1

pdzdj 6 0

XD

d¼1

pdzdj0 þ
Xs

r¼1

lryrj0
� ho

Xm

i¼1

xixij0 ¼ ho

XD

d¼1

pdzdj0 ¼ 1

pd;lr;xi P 0; j ¼ 1;2; . . . ;n

ð15Þ

and the efficiency for the first stage is calculated as

h1
o ¼

ho �w�2 � h
2�
o

w�1
:

Note that we here use (�) in h2�
o to indicate that second stage is given

pre-emptive priority in terms of its efficiency being optimized first.
In this case, the resulting first stage efficiency score is denoted as h1

o.
Finally, note that if h1�

o ¼ h1
o or h2�

o ¼ h2
o, then this indicates that

we have a unique efficiency decomposition.

3. Two-stage DEA Model: Variable returns to scale

While the discussion in the previous section is based upon the
assumption of constant returns to scale, the above approach en-
ables us to study the efficiency of two-stage processes under vari-
able returns to scale (VRS). The VRS efficiency scores for the two
stages can be determined by the following VRS models (Banker
et al., 1984):

max E1
j0
¼
PD

d¼1gA
dzdj0 þ uAPm

i¼1vixij0

s:t:
PD

d¼1gA
dzdj þ uAPm

i¼1vixij
6 1; j ¼ 1; . . . ;n

gA
d ; vi > 0 uA free in sign

and

max E2
j0
¼
Ps

r¼1uryrj0
þ uBPD

d¼1gB
dzdj0

s:t:
Ps

r¼1uryrj þ uBPD
d¼1gB

dzdj

< 1; j ¼ 1; . . . ;n

gB
d;ur > 0 and uB free in sign:
Note that the approach of Kao and Hwang (2008) cannot be ex-
tended to the VRS assumption, because E1

j0
� E2

j0
cannot be converted

into a linear form under the condition of gA
d ¼ gB

d , due to the free
variable uA in the numerator of E1

j0
. On the other hand, using our ap-

proach, we have the VRS overall efficiency as using the weights de-
fined under the CRS assumption

max

PD
d¼1gdzdj0 þ uA þ

Ps
r¼1uryrj0

þ uBPm
i¼1vixij0 þ

PD
d¼1gdzdj0

s:t:
PD

d¼1gdzdj þ uAPm
i¼1vixij

6 1
Ps

r¼1uryrj þ uBPD
d¼1gdzdj

6 1

gd;ur ; vi P 0; j ¼ 1;2; . . . ;n

uA;uB; free in sign:

ð16Þ

Note that this is an input-oriented model. If we use output-oriented

VRS models, the weights will be defined as w1 ¼
PD

d¼1
gdzdj0Ps

r¼1
ur yrj0

þ
PD

d¼1
gdzdj0

and w2 ¼
Ps

r¼1
uiyrj0Ps

r¼1
uiyrj0

þ
PD

d¼1
gdzdj0

.

Model (16) is equivalent to the following linear programming
program

max
Xs

r¼1

lryrj0
þ u1 þ

XD

d¼1

pdzdj0 þ u2

s:t:
XD

d¼1

pdzdj �
Xm

i¼1

xixij þ u1
6 0

Xs

r¼1

lryrj �
XD

d¼1

pdzdj þ u2
6 0

Xm

i¼1

xixij0 þ
XD

d¼1

pdzdj0 ¼ 1

pd;lr;xi P 0; j ¼ 1;2; . . . ;n

u1; u2 free in sign:

ð17Þ

Once we obtain the overall efficiency, models similar to (13) and
(15) can be developed to determine the efficiency of each stage.
Specifically, assuming pre-emptive priority for stage 1, the follow-
ing model determines that stage’s efficiency ðE1�

o Þ, while
maintaining the overall efficiency score at Eo calculated from model
(17),
E1�
o ¼max

XD

d¼1

pdzdj0 þ u1

s:t:
XD

d¼1

pdzdj þ u1 �
Xm

i¼1

xixij 6 0

Xs

r¼1

lryrj þ u2 �
XD

d¼1

pdzdj 6 0

ð1� EoÞ
XD

d¼1

pdzdj0 þ
Xs

r¼1

lryrj0
þ u1 þ u2 ¼ Eo

Xm

i¼1

xixij0 ¼ 1

pd;lr ;xi P 0; j ¼ 1;2; . . . ; n

u1;u2 free in sign:

ð18Þ

Similarly, if stage 2 is to be given pre-emptive priority, the following
model determines the efficiency ðE2�

j Þ for that stage, while



Table 2
CRS Results

DMU CRS
overall
efficiency

w1 w2 h1�
o h2

o h1
o h2�

o

1 Taiwan
Fire

0.849 0.502 0.498 0.993 0.704 0.993 0.704

2 Chung Kuo 0.812 0.500 0.500 0.998 0.626 0.998 0.626
3 Tai Ping 0.817 0.592 0.408 0.690 1 0.690 1
4 China

Mariners
0.596 0.580 0.420 0.724 0.420 0.724 0.420

5 Fubon 0.873 0.546 0.454 0.831 0.923 0.831 0.923
6 Zurich 0.689 0.510 0.490 0.961 0.406 0.961 0.406
7 Taian 0.580 0.571 0.429 0.752 0.352 0.752 0.352
8 Ming Tai 0.579 0.580 0.420 0.726 0.378 0.726 0.378
9 Central 0.612 0.500 0.500 1 0.223 1 0.223
10 The First 0.713 0.537 0.463 0.862 0.541 0.862 0.541
11 Kuo Hua 0.509 0.578 0.422 0.729 0.207 0.729 0.207
12 Union 0.880 0.500 0.500 1 0.760 1 0.760
13 Shingkong 0.557 0.552 0.448 0.811 0.243 0.811 0.243
14 South

China
0.577 0.580 0.420 0.725 0.374 0.725 0.374

15 Cathay
Century

0.807 0.500 0.500 1 0.614 1 0.614

16 Allianz
President

0.639 0.530 0.470 0.886 0.362 0.886 0.362

17 Newa 0.613 0.580 0.420 0.723 0.460 0.723 0.460
18 AIU 0.587 0.558 0.442 0.794 0.326 0.794 0.326
19 North

America
0.706 0.500 0.500 1 0.411 1 0.411

20 Federal 0.765 0.517 0.483 0.933 0.586 0.933 0.586
21 Royal &

Sunalliance
0.541 0.571 0.429 0.751 0.262 0.751 0.262

22 Aisa 0.742 0.629 0.371 0.590 1 0.590 1
23 AXA 0.685 0.543 0.457 0.843 0.499 0.843 0.499
24 Mitsui

Sumitomo
0.544 0.500 0.500 1 0.087 1 0.087

Table 1
Data Set

DMU Operation expenses
(X1)

Insurance expenses
(X2)

Direct written
premiums (Z1)

Reinsurance
premiums (Z2)

Underwriting profit
(Y1)

Investment profit
(Y2)

1 Taiwan Fire 1,178,744 673,512 7,451,757 856,735 984,143 681,687
2 Chung Kuo 1,381,822 1,352,755 10,020,274 1,812,894 1,228,502 834,754
3 Tai Ping 1,177,494 592,790 4,776,548 560,244 293,613 658,428
4 China Mariners 601,320 594,259 3,174,851 371,863 248,709 177,331
5 Fubon 6,699,063 3,531,614 37,392,862 1,753,794 7,851,229 3,925,272
6 Zurich 2,627,707 668,363 9,747,908 952,326 1,713,598 415,058
7 Taian 1,942,833 1,443,100 10,685,457 643,412 2,239,593 439,039
8 Ming Tai 3,789,001 1,873,530 17,267,266 1,134,600 3,899,530 622,868
9 Central 1,567,746 950,432 11,473,162 546,337 1,043,778 264,098
10 The First 1,303,249 1,298,470 8,210,389 504,528 1,697,941 554,806
11 Kuo Hua 1,962,448 672,414 7,222,378 643,178 1,486,014 18,259
12 Union 2,592,790 650,952 9,434,406 1,118,489 1,574,191 909,295
13 Shingkong 2,609,941 1,368,802 13,921,464 811,343 3,609,236 223,047
14 South China 1,396,002 988,888 7,396,396 465,509 1,401,200 332,283
15 Cathay Century 2,184,944 651,063 10,422,297 749,893 3,355,197 555,482
16 Allianz President 1,211,716 415,071 5,606,013 402,881 854,054 197,947
17 Newa 1,453,797 1,085,019 7,695,461 342,489 3,144,484 371,984
18 AIU 757,515 547,997 3,631,484 995,620 692,731 163,927
19 North America 159,422 182,338 1,141,951 483,291 519,121 46,857
20 Federal 145,442 53,518 316,829 131,920 355,624 26,537
21 Royal & Sunalliance 84,171 26,224 225,888 40,542 51,950 6491
22 Aisa 15,993 10502 52,063 14,574 82,141 4181
23 AXA 54,693 28,408 245,910 49,864 0.1 18,980
24 Mitsui Sumitomo 163,297 235,094 476,419 644,816 142,370 16,976

Source: Kao and Hwang (2008).
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maintaining the overall efficiency score at Eo calculated from model
(17),
E2�
o ¼max

Xs

r¼1

lryrj0
þ u2

s:t:
XD

d¼1

pdzdj þ u1 �
Xm

i¼1

xixij 6 0

Xs

r¼1

lryrj þ u2 �
XD

d¼1

pdzdj 6 0

XD

d¼1

pdzdj0 þ
Xs

r¼1

lryrj0
� Eo

Xm

i¼1

xixij0 þ u1 þ u2 ¼ Eo

XD

d¼1

pdzdj0 ¼ 1

pd;lr ;xi P 0; j ¼ 1;2; . . . ; n

u1;u2 free in sign:

ð19Þ

Once the efficiency score for one of the stages is calculated using
(18) or (19), the score for the other stage can be derived in the sim-
ilar manner as in the CRS case.

4. Application

We here apply our new approach to the 24 Taiwanese non-life
insurance companies studied in Kao and Hwang (2008). Those
authors divide the production process of the non-life insurance
industry into two stages: premium acquisition and profit genera-
tion. There are two inputs to the first stage which is characterized
by marketing of the insurance and generation of premiums, and
two outputs from the second stage which is characterized by
investment and generation of profit. The two inputs are opera-
tional expenses and insurance expenses, and the outputs are
underwriting profit and investment profit. There are also two
intermediate measures between the two stages, namely direct
written premiums and reinsurance premiums (see Kao and Hwang



Table 3
Ranking of CRS scores

DMU Our ranking Kao and Hwang’s (2008) results

Ranking First stage Second stage Overall efficiency

1 3 3 0.993 0.704 0.699
2 5 5 0.998 0.626 0.625
3 4 4 0.690 1 0.690
4 16 15 0.724 0.420 0.304
5 2 1 0.831 0.923 0.767
6 11 12 0.961 0.406 0.390
7 18 17 0.671 0.412 0.277
8 19 18 0.663 0.415 0.275
9 15 20 1 0.223 0.223

10 9 9 0.862 0.541 0.466
11 24 23 0.647 0.253 0.164
12 1 2 1 0.760 0.760
13 21 21 0.672 0.309 0.208
14 20 16 0.670 0.431 0.289
15 6 6 1 0.614 0.614
16 13 14 0.886 0.362 0.320
17 14 13 0.628 0.574 0.360
18 17 19 0.794 0.326 0.259
19 10 11 1 0.411 0.411
20 7 8 0.933 0.586 0.547
21 23 22 0.732 0.274 0.201
22 8 7 0.590 1 0.590
23 12 10 0.843 0.499 0.420
24 22 24 0.429 0.314 0.135
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(2008) for detailed discussion on these measures). The data are
provided in Table 1.

The CRS results from models (11), (13) and (15) are reported in
Table 2. The third column reports the overall CRS efficiency ob-
tained from model (11). The optimal weights from model (11) for
each DMU are reported under columns 4 and 5.The rest of the col-
umns report the efficiency score for each individual stage based
upon models (13) and (15).

It can be seen from Table 2 that we have unique efficiency
decompositions for all DMUs. This arises from the fact that models
(13) and (15) yield identical efficiency scores for the two stages.

Note that since the overall efficiency definition presented here-
in is different from that assumed by Kao and Hwang (2008), the
overall efficiency scores from the two approaches cannot be di-
Table 4
VRS Results

DMU VRS overall efficiency w1

1 Taiwan Fire 0.867 0.503
2 Chung Kuo 0.856 0.500
3 Tai Ping 0.818 0.587
4 China Mariners 0.599 0.581
5 Fubon 1 0.483
6 Zurich 0.732 0.511
7 Taian 0.684 0.571
8 Ming Tai 0.754 0.523
9 Central 0.639 0.501
10 The First 0.780 0.538
11 Kuo Hua 0.614 0.576
12 Union 0.887 0.511
13 Shingkong 0.804 0.494
14 South China 0.654 0.581
15 Cathay Century 0.940 0.503
16 Allianz President 0.676 0.526
17 Newa 0.840 0.581
18 AIU 0.618 0.517
19 North America 0.833 0.515
20 Federal 0.946 0.548
21 Royal & Sunalliance 0.679 0.575
22 Aisa 1 0.634
23 AXA 0.815 0.547
24 Mitsui Sumitomo 0.564 0.517
rectly compared. The last three columns of Table 3 report the
CRS scores based upon Kao and Hwang’s (2008) approach. We,
however, note that except for 8 DMUs (7, 8, 11, 13, 14, 17, 21,
and 24), our first and second stage’s efficiency scores are identical
to those of Kao and Hwang (2008). This indicates that Kao and
Hwang’s approach also yields unique efficiency decompositions
for the remaining 16 DMUs.

Table 3 reports the rankings of the CRS scores based upon our
new approach and Kao and Hwang’s (2008). It can be seen they
do not yield the same exact ranking. DMUs 9 and 14 show a big
ranking difference. In fact, if we apply the average to Kao and
Hwang’s (2008) first and second stage scores, a different ranking
is obtained. However, the Spearman Rank Correlation coefficient
for the rankings in Table 3 is 0.971 which is significant at the
0.01 level, indicating an approximately equal ranking based upon
the two different approaches. It is also the case that the Pearson
Correlation Coefficient for the two sets of raw CRS scores is 98%.
One can also use graphics by plotting the two sets of efficiency
scores to get a visual verification, as in Lindebo et al. (2007).

We finally turn to the case of VRS reported in Table 4. Two
DMUs (5 and 22) are VRS overall efficient. Also, we have unique
VRS efficiency decompositions for all DMUs, as the results obtained
from models (18) and (19) are identical.

Under the standard DEA approach, the scores under the VRS
assumption are not less than the ones under CRS assumption. This
is true as well for the overall efficiency scores in our models. How-
ever, we note that this is not the case for DMUs 1, 12 and 20 for the
first stage scores. This may be attributed to the fact that the con-
straint spaces for (13) and (18) are not the same, hence the inter-
mediate scores may not obey the conventional principles.

5. Conclusions

In an earlier paper by Kao and Hwang (2008), a model is pro-
posed for combining the stages in a two-stage process to arrive
at a measure of overall efficiency. Their methodology adopts a sim-
ple geometric mean approach, utilizing the product of the efficien-
cies from the two stages. The current paper adopts an alternative
view of efficiency decomposition in two-stage DEA. We propose
defining the overall efficiency score for a DMU as a weighted
w2 E1�
o E2

o E1
o E2�

o

0.497 0.990 0.743 0.990 0.743
0.500 1 0.711 1 0.711
0.413 0.690 1 0.690 1
0.419 0.726 0.424 0.726 0.424
0.517 1 1 1 1
0.489 0.964 0.490 0.964 0.490
0.429 0.752 0.593 0.752 0.593
0.477 0.783 0.722 0.783 0.722
0.499 1 0.276 1 0.276
0.462 0.862 0.727 0.862 0.727
0.424 0.741 0.443 0.741 0.443
0.489 0.968 0.803 0.968 0.803
0.506 0.846 0.763 0.846 0.763
0.419 0.725 0.555 0.725 0.555
0.497 1 0.880 1 0.880
0.474 0.911 0.417 0.911 0.417
0.419 0.724 1 0.724 1
0.483 0.850 0.369 0.850 0.369
0.485 1 0.657 1 0.657
0.452 0.902 1 0.902 1
0.425 0.913 0.362 0.913 0.362
0.366 1 1 1 1
0.453 0.976 0.620 0.976 0.620
0.483 1 0.098 1 0.098
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sum of the efficiencies for the individual stages, as opposed to
using a simple product of those efficiencies. The proposed method-
ology can be applied to both the CRS and VRS situations. This ap-
proach may have some added appeal in that it addresses the
potential need to treat the separate stages in a manner that recog-
nizes the ‘sizes’ of the stages. That is, rather than using a simple
arithmetic mean to combine the stages, (which would be the addi-
tive analogy of the model of Kao and Huang), we instead weight
the two efficiencies in a way that accounts for any size differences.

By the nature of the efficiency decomposition in Kao and Hwang
(2008), their model provides information on how much more final
stage output each DMU can produce, given its present initial stage
inputs, or how much each DMU could reduce its initial stage input
usage, while still producing the same final stage output. Our addi-
tive approach provides a different view, namely it describes (in the
input oriented case) the extent to which the aggregate of all com-
ponent inputs can be reduced while producing the same level of
aggregate outputs.

We note that just like in the work of Kao and Hwang (2008), our
approach here can be extended to general series systems with
more than two stages.

Note also that w1 and w2 as defined in the current paper, are
variables related to the inputs and the intermediate measures. By
virtue of the optimization process, it can turn out that either
w1 = 1 and w2 = 0 or w1 = 0 and w2 = 1 at optimality. To overcome
this problem, we can require that w1 P a and w2 P a in model
(6), where a is a selected constant and 0% < a P 50%. Such addi-
tional constraints can also be viewed as user’s preference regarding
the relative importance of the two stages. If such additional con-
straints are need, we can then study the sensitivity of the overall
efficiency scores relative to changes in this parameter a.

In the current paper, however, there is no need to add addi-
tional constraints of w1 P a and w2 P a into models (11) and
(17), because non-zero weights are obtained for both stages. We
point out, however, that it is likely that model (11) (or model
(17)) can be infeasible with certain a values. For example, when
a = 40%, model (11) is infeasible for DMU22 and when a = 50%,
model (11) is infeasible for DMUs 1, 2, 5, 6, 10, 16, 20 and 23. This
indicates that the input mixes for these DMUs do not allow such
weighting structures.
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