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ORIGINAL ARTICLE

Efficiency measurement with products and partially desirable co-products

Wade D. Cooka, Wanghong Lia, Zhepeng Lia, Liang Liangb and Joe Zhuc

aOperations Management and Information Systems, Schulich School of Business, York University, Toronto, ON, Canada; bHe Fei
University of Technology, He Fei, An Hui Province, People’s Republic of China; cSchool of Business, Worcester Polytechnic
Institute, Worcester, MA, USA

ABSTRACT
Many operational processes that set out to create a specific set of products will often
involve the creation of a set of associated co-products. The problem of interest is how to
evaluate the efficiencies of a set of comparable such processes in the presence of both
products and co-products. In particular, there has been an increasing interest in co-products
that can be considered as playing a dual role as either outputs from or inputs to the process
involved. Efficiency measurement in certain situations where both products and co-products
are present can be addressed using data envelopment analysis (DEA). For example,
reclaimed asphalt coming from the resurfacing of highways in various districts offers an
opportunity to perform maintenance at a lower cost, when that reclaimed material serves as
an input together with new or virgin materials. At the same time, there is an undesirable
environmental impact when reclaimed asphalt (not reused) serves as an output. In the cur-
rent paper, we develop a DEA-based methodology to evaluate the efficiency of maintenance
activities in the presence of both products and co-products. The problem concerns how to
examine co-products that can have positive value, up to a certain point, but beyond this
point there are disposal/environmental costs that must be considered. We use our devel-
oped model to examine the efficiency of resurfacing operations in a set of 18 districts in a
Canadian province.
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1. Introduction

Many processes involve the production of a set of
products where there are associated by-products or
co-products present. Some co-products may have
other uses, hence it would be considered as being
“desirable” outputs from the associated process,
while other co-products are “undesirable”. In the
paint manufacturing industry, for example, the
emission of volatile organic compounds (VOCs)
affects the industry, especially manufacturers of
industrial oil-based paints. It is estimated that all
coatings, including stains and varnishes, are respon-
sible for a significant portion of the 2.3 million met-
ric tons of VOCs released annually. Regulations
within the Environmental Protection Agency (EPA)
specify the amount of solvent allowable per liter of
paint. Wastewater is another undesirable co-product
arising from many processes.

Efficiency measurement in certain situations where
both products and co-products are present can be
addressed using data envelopment analysis (DEA).
This methodology developed by Charnes, Cooper, and
Rhodes (1978), and/or one of its variants as discussed
below, can be appropriate for evaluating the efficien-
cies of a set of decision making units (DMU) relative

one another. An earlier paper by Li et al. (2016), for
example, considers a two stages model for settings
where co-products can be considered as playing a
dual role as either outputs from the manufacture of a
given product (e.g., cylinders), or as a desirable co-
product along with that product.

In the current paper, we consider a setting
wherein a co-product from a production process
serves as a desirable output over some range of val-
ues, but it becomes undesirable beyond that range.
In the case of waste water, for example, some can be
recovered through recycling, and thus it can be
reused. Beyond a certain point, however, the cost of
recovering/recycling undesirable co-products, aimed
at rendering them desirable, can be too costly.

Section 2 briefly discusses a setting, akin to that
in the previous paragraph, involving highway resur-
facing. The process in that situation involves
reclaiming asphalt from highway sections, and then
reusing a portion of that reclaimed co-product to
create a newly rehabilitated roadway. In Section 3,
we present a DEA-based methodology to derive effi-
ciency measures in such product/co-product situa-
tions. We present our methodology against the
highway resurfacing backdrop. Section 4 discusses
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the application of this methodology in the resurfac-
ing situation. Conclusions and future research direc-
tions are discussed in Section 5.

2. Products and co-products in highway
resurfacing

An important process occurring in virtually every
country in the world, and in which co-products
arise naturally, is that involving the resurfacing and/
or reconstruction of sections of the prevailing high-
way network in that jurisdiction. The highway sys-
tem in any jurisdiction generally represents one of
the most valuable assets held by that jurisdiction;
highway networks are created and maintained at
enormous capital investment on the part of the rele-
vant government agency. Given this fact, it is
incumbent on that agency to look for ways of evalu-
ating the efficiency of the management of its highway
system, thereby identifying areas for improvement in
the management of that network. See for example
Cook, Roll, and Kazakov (1990a, 1990b).

Historically, highways were resurfaced using new
or virgin materials. In most cases the material of
choice was and is asphalt, which is made up of con-
crete pavement mixes, being typically composed of
5% asphalt cement and 95% aggregates (stone, sand,
and gravel). It should be noted that on many second-
ary roadways with lower traffic volumes, a commonly
used and less-durable material, is “tar and chips,” an
inexpensive alternative to high grade asphalt.

Due to its highly viscous nature, asphalt cement
must be heated so that it can be mixed with the
aggregates at the asphalt mixing facility. In some
cases, particularly major highways with high traffic
volumes, the cement component of asphalt can con-
stitute a higher percentage than this 5% figure. The
appropriate mix is very much a function of the cli-
matic conditions in the area where the highway is
located, as well as of the existing subgrade structure;
for example, highways built over wet lands will have
a shorter lifespan than is the case for subgrades
made up mainly of sand and stone.

An important consideration to be made when
resurfacing a segment of the highway network is the
expected life span of the finished product. To a
great degree, the life of the road surface depends on
the “thickness” of the pavement applied; thicker
pavements last longer than thinner pavements.
While some jurisdictions have historically adopted
the practice of using a particular fixed pavement
thickness for any given type of roadway, many state
and provincial transportation departments, particu-
larly in North America, continue to conduct
research relating to the impact of different thick-
nesses of asphalt under different environmental and

traffic conditions. See e.g., Cook et al. (1990a
and 1990b).

In more recent times, when resurfacing was being
planned, it became the practice to remove a portion
of the damaged asphalt from the road surface
(referred to as “plaining”), thereby creating a uni-
form base over which the new pavement would be
placed. This reclaimed material represents the co-
product in the resurfacing process. When this prac-
tice first began, and when environmental concerns
were less of an issue than at present, such removed
asphalt was quite routinely deposited in landfill sites
or anywhere convenient, without violating provincial,
state or local by-laws. In the present day, however,
protecting the environment is far more paramount,
meaning that disposal of damaging materials is more
regulated. In that regard, the use of pure (virgin)
asphalt has given way to substituting some reclaimed
asphalt in place of a portion of the virgin material.

Thus, an important consideration to be made in
evaluating the efficiency with which highways are
maintained, is the environmental impact of
reclaimed asphalt, its possible recycling, and/or its dis-
posal. The highway resurfacing process works as fol-
lows: Prior to resurfacing a given section of the
highway network, a machine passes over the old pave-
ment and grinds or planes off the top (damaged) layer
of asphalt. Generally, a truck follows behind the
machine, and the reclaimed asphalt is deposited into
that truck, which then takes it off to a storage area. At
a later time, asphalt is brought from an asphalt mixing
facility and is deposited into a paving machine that
passes over the road and creates the new surface. It is
at the asphalt mixing facility that reclaimed and virgin
asphalts are combined with various chemicals to create
the appropriate bonding of materials.

The use of reclaimed asphalt not only yields an
environmentally friendly “recycle/reuse” option, but
at the same time is a less expensive way to resurface
highways; the resulting quality is nearly as good as
the quality that comes from using all new materials.
There are recommended percentages regarding the
mix of old and new asphalt to realize varying life
spans from the resurfaced structure.

In the section to follow, we develop a type of
DEA methodology for evaluating the efficiency of
processes where both products and co-products are
present, and where co-products are useful (desir-
able) only up to a certain point, but undesirable
beyond that point. To facilitate clarity of presenta-
tion of our methodology, we utilize as a backdrop
the highway resurfacing and asphalt reclamation
application described above, although the method-
ology is sufficiently general to render it applicable to
other situations. Wherever generalizations to the
modelling structure are apparent, we point out such.
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3. Efficiency modelling in the presence of a
partially desirable co-product

In this subsection, we focus on the particular appli-
cation involving highway resurfacing and involving
a single co-product. Later, we generalize our meth-
odology to handle multiple co-products.

3.1. Radial versus additive models

The conventional input-oriented DEA methodology,
as advanced by Charnes et al. (1978), views the inef-
ficiency of a DMU as the proportional reduction in
that DMU’s inputs that is needed to project it to the
best practice frontier. That model is commonly
referred to as a radial-projection model in that pro-
jection of inefficient DMUs to the frontier results
from a proportional reduction in inputs. The out-
put-oriented version of that model determines the
extent to which the outputs of a DMU need to be
proportionally enhanced (increased) to allow that
DMU to reach the frontier.

Consider the case where N DMUs are to be eval-
uated in terms of I inputs and R outputs. The multi-
plier form of the output-oriented model (in linear
programming format), is given as (3.1a), and its
dual or envelopment form appears as (3.1b).

e ¼ min
XI

i¼1

vixijo

Subject to :XR
r¼1

lryrjo ¼ 1

XI

i¼1

vixij �
XR
r¼i

lryrj � 0; 8j
lr; vi � 0; 8r; i

(3.1a)

Max /
Subject to :XN
j¼1

kjxij � xijo ; 8i

XN
j¼1

kjyrj � /yrjo ; 8r
kj � 0; 8j; / unrestricted in sign

(3.1b)

This original model of Charnes et al. (1978) takes
the form of the constant returns to scale (CRS)
methodology; the methodology was later extended
by Banker, Charnes, and Cooper (1984) to account
for variable returns to scale (VRS). The VRS form
of the model is attained with the imposition of the
additional constraint

PN
j¼1 kj ¼ 1 in the envelop-

ment model (3.1b) and, by virtue of duality, requires
an additional unrestricted variable in (3.1a). As per
below, we denote this variable by vo.

An alternative to the above radial projection
models is the additive or slacks-based model. In one
of the conventional (VRS) forms, a multiplier ver-
sion of the model is given by (3.2a)

Min
XI

i¼1

vixijo þ vo�
XR
r¼1

lryrjo

Subject to :XI

i¼1

vixij þ vo �
XR
r¼1

lryrj � 0; 8j
lr � 1=yrjo ; 8r
vi � 1=xijo ; 8i
vo unrestricted in sign

(3.2a)

This model form with the lower bounds shown
(as discussed in Charnes, Cooper, Golany, Seiford,
and Stutz (1985)) obtains independence of units of
measurement. We assume here that xijo > 0; yrjo > 0.
The model generates the same frontier as that of the
radial models, differing from the radial structure
primarily in the form of the objective function,
which in the case of the additive model, is based on
the slacks. It is worth mentioning that both types of
models derive from “benefit to cost” principals in
economics. Specifically, the radial multiplier model
(3.1a) is a linear equivalent of a ratio of cost to
benefit, while the additive methodology views bene-
fit to cost as being the difference of the two
expressions.

The dual of (3.2a) is given by the envelopment
form (3.2b).

Max
XI

i¼1

s�i =xijo þ
XR
r¼1

sþr =yrjo

Subject to :XN
j¼1

kjxij þ s�i ¼ xijo ; 8i

XN
j¼1

kjyrj � sþr ¼ yrjo ; 8r

XN
j¼1

kj ¼ 1

kj � 0; 8j; s�i ; s
þ
r � 0; 8i; r

(3.2b)

Additive or slacks-based type of models have
been appeared in various forms over several deca-
des. Some of the earliest work is that due to F€are
and Lovell (1978), who discuss the Russel Measure
model. Important as well, is the work of Charnes
et al. (1985). Cooper, Park, and Pastor (1999) dis-
cuss various forms of the additive model, as does
Thrall (1996). It is immediately clear that several
different forms of the additive model can be
adopted, including pure input or pure output ver-
sions, as discussed by Zieschang (1984). The work
of Tone (2001), and more recently the important
work of Avkiran, Tone, and Tsutsui (2008), and of
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Tone and Tsutsui (2009), put more structure around
the additive model, in particular providing a linkage
between the radial and non-radial structures.

While there is no compelling argument that an
additive approach in general is necessarily superior
to a radial model in any application, we have chosen
herein to adopt an additive VRS version of the DEA
model to evaluate the efficiencies of the districts. As
motivation, we point to certain convenient proper-
ties exhibited by this structure. First, the VRS tech-
nology can often make for a more realistic portrayal
of efficiency than is the case for the CRS technology,
particularly when DMUs appear in a variety of
“sizes” … large versus small DMUs. Furthermore,
the VRS model has the convenience of being able to
identify which DMUs are exhibiting increasing, con-
stant and decreasing returns to scale, when such are
present. Regarding using an additive versus radial
form of model, the former structure does have the
convenience of identifying “distances” (in the form
of slacks) of DMUs from the frontier. Furthermore,
as mentioned above, the structure permits, in a con-
venient way, the inclusion of non-controllable or
non-discretionary factors (inputs and/or outputs),
namely one can impose restrictions to control the
influence of certain slacks. This means, for example,
that in model (3.2b) above, if a given input i1 is
non-discretionary (and is beyond management con-
trol), then the input constraint for that factor takes
the form

PN
j¼1 kjxi1j � xi1jo . This means that on the

multiplier side the corresponding variable vi1 is
restricted to be non-negative in sign, and the lower
bound 1=xi1jo on that variable is not imposed.
Finally, whereas the conventional radial technology
is generally restricted to viewing efficiency either
from the input side or output side of the problem,
additive structures do lend themselves to both forms
of projection, simultaneously. Having made this
argument regarding our selection of an additive
structure, it must be recognized that there is a well-
known relationship between the Farrell radial effi-
ciency score and the Shephard distance function.
See, for example, F€are and Grosskopf (2000).

3.2. Modelling partially desirable co-products in
highway resurfacing

To facilitate the modelling of efficiency in the pres-
ence of a co-product, for the specific application

described above, we define what we believe to be a
representative set of inputs and outputs. We recog-
nize that other variables might have been introduced
along with, or in place of, those given here (for
example, accident rates, subgrade structures, and
pavement condition ratings), but the variables we
have chosen are sufficiently relevant for purposes of
demonstrating the modelling of co-products in the
highway management setting.

3.2.1. Outputs

y1j: Number of kilometers of roadway resurfaced in
district j; this represents the “size” of the network
managed by that district
y2j: Average daily traffic served; this provides a
measure of the number of users benefiting from the
paved sections of roadway within the district
y3j: Average expected life span of the paved road
sections within the district, before the next resurfac-
ing will be required
yc4j: Reclaimed asphalt from the road sections in dis-
trict j
yu4j: Reclaimed asphalt from the road sections that is
fed back as an input to the resurfacing of those
road sections
ys14j : The portion of reclaimed asphalt from the road
sections that is not used, but rather is taken to a
storage site.
ys24j : Reclaimed asphalt taken from storage in a dis-
trict when more of that co-product is needed than
is taken from the road sections.

3.2.2. Inputs

x1j: Capital expenditure including all costs of materi-
als, labor, and equipment. This is shown in the
attached table in hundreds of thousands of dollars.
x2j: Climate factor. This factor includes ratings on
the number of “freeze-thaw” cycles per year (leading
to the breakup of asphalt), snow removal frequency,
etc. Essentially this factor attempts to capture cli-
mate severity.

Referring again to the description of the previous
section regarding asphalt reclamation, it is assumed
that for each district or DMU j, data is available
regarding (1) the number of thousands of tons of
reclaimed asphalt yc4j created (removed from high-
ways in district j) during the analysis period, and
(2) the number of tons of reclaimed asphalt yu4j actu-
ally used during that period. This latter represents
the above referenced “desirable” portion of the
co-product.

To proceed, we consider two cases regarding the
reclaimed asphalt:

Case 1: yc4j > yu4j for a district j. In this case, only
a portion of the reclaimed asphalt for that district is

Figure 1. Case 1.
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actually used, with the remainder ys14j ¼ yc4j�yu4j being
stockpiled. In this instance, the total stock-piled
asphalt (for this district) increases during the ana-
lysis period. See Figure 1.

Case 2: yc4j � yu4j for a district j. In this situation
where more reclaimed asphalt was needed/used than
was created during the period, no undesirable co-
product is generated, meaning that the existing
stock pile of reclaimed asphalt for this district going
into storage was reduced. Let ys24j ¼ yu4j�yc4j denote
the extent of this reduction. Figure 2 describes this
case. Note that ys24j is the asphalt extracted from stor-
age and is combined with the amount yc4j, planed
from the road surface to yield yu4j, the total
reclaimed asphalt.

Note that in Figures 1 and 2, we have omitted
the subscript “j” on all variables.

Let the set of DMUs {1, 2,… , n} be grouped into
two sets J1; J2, denoting the numbers of districts
under Cases 1 and 2, respectively. For simplicity of
presentation, let us assume to begin that all DMUs
belong to a single group as per Case 1.

3.2.3. Efficiency under Case 1 (All districts j are
in J1)

Consider for the moment a situation where all
DMUs or districts j lie in J1, and as per the above
definition of variables, let ys14j to be the quantity of
reclaimed asphalt entering storage, and yu4j the
amount used during the analysis period. The former
then represents the “undesirable” portion, and the
latter the “desirable” portion of the reclaimed
asphalt generated prior to resurfacing process.

We note, in particular, that yu4j constitutes what
Liang, Li, Cook, and Zhu (2011) refer to as a feed-
back variable in that this portion of the reclaimed
material (or more accurately, the equivalent
amount of material extracted from a storage
facility) is fed back to be combined with virgin
asphalt to create the mix needed for resurfac-
ing operation.

We acknowledge that the resurfacing process
might be viewed as involving two stages: the first
stage is being the removal of damaged asphalt yc4j
and its transport to storage; and the second stage
is being the mixing of new and reclaimed asphalt,
and the subsequent resurfacing. However, since
the transport of reclaimed asphalt to and retrieval

of asphalt from storage is not an integral part of
the process (in the sense of needing to measure its
efficiency), we prefer here to view this as involv-
ing a single stage, namely the resurfacing activity
itself. We point out that yu4j can be thought of as a
dual role variable (see Beasley 1995 and Cook,
Green, & Zhu, 2006) in that it represents an out-
put from the process (that has positive value), as
well as an input to that same process. We discuss
this below.

It is important to point out at this stage that
since outputs are intended to be factors whereby
more is better, while for inputs, less is better, the
unused reclaimed asphalt ys14j (for a Case 1 district)
clearly violates this protocol. Treating undesirable
factors within the DEA framework has been a sub-
ject of study over the past several years (see e.g.,
F€are et al. (1989)). A useful survey of methods for
treating undesirable outputs appears in Hua et al.
(2007). Seiford and Zhu (2002) presented one of the
first approaches for dealing with undesirable varia-
bles, and we adopt that approach herein. Their
approach involves the use of a linear monotone
decreasing transformation of the undesirable vari-
able ys14j , specifically replacing it by a (transformed)
variable �ys14j defined by �ys14j ¼ �ys14j þ V where V is
an appropriate translation parameter that ren-
ders �ys14j>0.1

Reinforcing the discussion above regarding the
preference for an additive rather than radial formu-
lation, we argue that the model selected needs to
cater to both input and output enhancement.
Specifically, on the output side, it is desirable to
increase the number of kilometers resurfaced, the
average lifespan of resurfaced highway sections, and
the volume of reclaimed asphalt recycled. At the
same time, on the input side, capital cost reduction
is paramount as well and should be a priority for
management. Furthermore, as discussed above, it is
important to recognize that the climate input x2j is
not under the control of management, nor is the
traffic volume y2j on the output side. The appropri-
ate adjustments (as per the earlier discussion regard-
ing models (3.2a) and (3.2b)) must be made to the
models to reflect the implied non-discretionary
nature of these two variables.

3.2.4. Dual role variables in an additive effi-
ciency framework

Above we observed that reclaimed asphalt yu4j consti-
tutes a dual role variable. Let us examine how the
dual role concept can be modelled in the slacks-
based setting involving road resurfacing (as opposed
to the radial model structure discussed in Cook
et al. (2006)). While we wish to view efficiency from
the perspective of the primal or envelopment side of

Figure 2. Case 2.
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the DEA model, it is useful to begin with the
multiplier form, and consider dual role variables
in that environment. An important observation to
begin with is that the suggested way to treat the
dual role variable in the Cook et al. (2006) input-
oriented setting (research funding was the dual
role variable in their case), is to remove it from its
discretionary position on the input side and
placed in a non-discretionary position on the out-
put side. We argue that in the road resurfacing
situation, however, the reclaimed asphalt yu4j
should be seen as being discretionary, whether in
an input or output sense.

While we will focus below almost exclusively on
the envelopment form of the additive model, we
look for a moment at a multiplier form of a slacks-
based model given by (3.3). We point out again that
two of the variables are non-controllable. For the
case where all variables are discretionary as assumed
in (3.2), we include positive lower limits on both
the input and output multipliers. Note that the
“unrestricted in sign” variable vo is needed to invoke
the VRS technology. Multipliers v2; l2 of variables
x2j; y2j, respectively are restricted to be non-negative,
as opposed to having positive lower bounds, to
reflect the fact that those variables are non-discre-
tionary.

Min
X2
i¼1

vixijo þ byu4jo þ vo �
X3
r¼1

lryrjo þ ls14 �y
s1
4jo

þ ayu4jo

" #

(3.3a)
Subject to :X2
i¼1

vixij þ byu4j þ vo �
X3
r¼1

lryrj þ ls14 �y
s1
4j þ ayu4j

" #
� 0; 8j

(3.3b)
v1 � 1=x1jo (3.3c)

lr � 1=yrjo ; r ¼ 1; 3 (3.3d)

ls14 � 1=�ys14jo (3.3e)

a � 1=yu4jo (3.3f)

b � 1=yu4jo (3.3g)

v2; l2 � 0; vo unrestricted in sign (3.3h)

In model (3.3), we have included the co-product
used, namely yu4j, as both an input with multiplier b,
and as an output with multiplier a. An important
observation to be made at this point is that while in
the radial setting of Cook et al. (2006) at least one
of the two multipliers of the dual role variable
(named g and b there) will be 0 (zero) at the opti-
mum, the same will not be true of a and b in (3.3).
The reason for one of the multipliers gravitating to
zero in the radial model is that the column vectors
of the variables g and b in the linear programming
equivalent of the radial model are dependent; specif-
ically, one column is a multiplier of the other,

meaning that the two multipliers will not appear
together in the same basis of the simplex method.
Hence, at least one of these two variables will be
non-basic and, therefore, zero, meaning that the
model quite naturally declares the dual role variable
as being either an input or an output. This argument
does not hold, however, for a and b, for two rea-
sons. First, and trivially, these multipliers have posi-
tive lower bounds. Second, the column vectors for a
and b are in fact linearly independent, hence even
in the absence of the positive lower bounds, both
variables could potentially appear in the same sim-
plex basis, meaning that both could take positive
values. Thus, the either/or property does not hold.

From a mathematical modelling perspective, one
could impose restrictions on a and b through the
introduction of a binary variable z, aimed at creat-
ing the “either/or” structure described above.
However, rather than introducing a complex struc-
ture in the case at hand, where a single co-product
is at issue, one can adopt a simpler and more
straightforward approach. Specifically, one can
revert to solving the problem twice (once where a is
positive and b ¼ 0, and once for a ¼ 0 and b posi-
tive), and then selecting the best of the two results
found. This is, in fact, what we do in Section 4.
While we do avoid the binary variable approach in
favor of the simpler “two-solution” option, it is
worth pointing out that in the case of multiple co-
products, the binary approach has significant merit.
In Section 5, we extend the ideas presented here to
multiple co-products settings.

3.2.5. Measuring efficiency where the co-product
is an output a positive)

For this case, model (3.3) takes the multiplier form
(3.4), and its dual, the envelopment form (3.5).

Min
X2
i¼1

vixijo þ vo �
X3
r¼1

lryrjo þ ls14 �y
s1
4jo

þ ayu4jo

" #

(3.4a)
Subject to :X2

i¼1

vixij þ vo �
X3
r¼1

lryrj þ ls14 �y
s1
4j þ ayu4j

" #
� 0; 8j

(3.4b)
vi � 1=xijo ; i ¼ 1 (3.4c)

lr � 1=yrjo ; r ¼ 1; 3 (3.4d)

ls14 � 1=�ys14jo (3.4e)

a � 1=yu4jo (3.4f)

v2; l2 � 0; vo unrestricted in sign (3.4g)

Max s�1 =x1jo þ
X3

r¼i;r 6¼2

sþr =yrjo þ ss14 =�y
s1
4jo

þ su
þ

41 =y
u
4jo

(3.5a)
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Subject to :X
j

kjx1j þ s�1 ¼ x1jo ; (3.5b)

X
j

kjx2j � x2jo (3.5c)

X
j

kjyrj � sþr ¼ yrjo ; r ¼ 1; 3 (3.5d)

X
j

kjy2j � y2jo (3.5e)

X
j

kj�y
s1
4j�ss14 ¼ �ys14jo (3.5f)

X
j

kjy
u
4j�su

þ
41 ¼ yu4jo (3.5g)

Xn
j¼1

kj ¼ 1 (3.5h)

kj � 0; 8j; s�i ; s
þ
r � 0; i ¼ 1; r ¼ 1; 3; ss14 ; s

uþ
41 � 0

(3.5i)

We point specifically to the slack variables intro-
duced in (3.5):s�1 corresponding to the single discre-
tionary input x1jo ; sþ1 ; s

þ
3 for the two discretionary

outputs y1jo;y3jo ;s
s1
4 for the transformed version �ys14jo

of the stored asphalt ys14jo (from undesirable to desir-
able form); and su

þ
41 corresponding to the amount

yu4jo of reclaimed asphalt generated (and treated as a
desirable output in its dual role), and then “fed
back” for use in the recycling process.

3.2.6. Measuring efficiency where the co-product
is an input (b positive)

In this case, the multiplier and envelopment forms
of our additive model are (3.4’) and (3.5’), respect-
ively. Note that the objective functions in models
(3.5) and (3.5’) take two forms according to whether
the dual role variable yu4jo serves as an output or as
an input, respectively. As well, the portion of the
co-product that is “used”, namely yu4jo , serves as an
output in (3.5), and as an input in (3.5’), through
constraints (3.5g) and (3.5’g) respectively. One
change in notation in regard to these two equations
is that the slack variable su

þ
41 in (3.5g) where yu4jo is

treated as an output, changes to su
�

41 in (3.5’g) when
yu4jo serves as an input.

Min
X2
i¼1

vixijo þ byu4jo þ vo �
X3
r¼1

lryrjo þ ls14 �y
s1
4jo

" #

(3.4a0Þ
Subject to :X2

i¼1

vixij þ byu4jo þ vo �
X3
r¼1

lryrj þ ls14 �y
s1
4j

" #
� 0; 8j

(3.4b0Þ
v1 � 1=x1jo ; (3.4c0Þ
lr � 1=yrjo ; r ¼ 1; 3 (3.4d0Þ

ls14 � 1=�ys14jo (3.4e0Þ
b � 1=yu4jo (3.4f 0Þ
vo; v2;l2 unrestricted in sign (3.4g0Þ

Max s�1 =x1jo þ
X3

r¼i;r 6¼2

sþr =yrjo þ ss14 =�y
s1
4jo

þ su
�

41 =y
u
4jo

(3.5a0Þ
Subject to :X

j

kjx1j þ s�1 ¼ x1jo ; (3.5b0Þ
X
j

kjx2j � x2jo (3.5c0Þ
X
j

kjyrj � sþr ¼ yrjo ; r ¼ 1; 3 (3.5d0Þ
X
j

kjy2j � y2jo (3.5e0Þ
X
j

kj�y
s1
4j�ss14 ¼ �ys14jo (3.5f 0Þ

X
j

kjy
u
4j þ su

�
41 ¼ yu4jo (3.5g0Þ

Xn
j¼1

kj ¼ 1 (3.5h0Þ

kj � 0; 8j; s�i ; s
þ
r � 0; i ¼ 1; r ¼ 1; 3; ss14 ; s

u�
41 � 0

(3.5i0Þ

3.3. The general situation for Cases 1 and 2

For the situation where some districts j lie in J1, and
others in J2, the corresponding model (3.4) must
recognize an important difference between these
two classes. For DMUs in J1, the amount of
reclaimed asphalt used, namely yu4jo , is a portion
(less than 100%) of yc4jo , the quantity of asphalt
removed, and is separate from the (transformed)
reclaimed asphalt entering storage �ys14j . However, for
DMUs in J2, no asphalt enters storage, and the
quantity of asphalt used is the sum of the amount
reclaimed and the amount extracted from storage,
that is yu4jo ¼ yc4jo þ ys24jo . Since DMUs in J2 do not
have any co-product entering storage (unlike the
case for J1), this means that in transforming the
undesirable output ys14j to desirable form �ys14j , by way
of the translation parameter V discussed earlier, it
follows that �ys14j ¼ V for all j in J2. This also implies
that the slack variable ss14 ¼ 0 as per Theorem 3.1.

Theorem 3.1: In constraint (3.5’f), namelyP
j kj�y

s1
4j � ss14 ¼ �ys14jo , the slack variable ss14 ¼ 0, for

any j 2 J2.

Proof: For j 2 J1; ys14j > 0, meaning that the trans-
formed version of this undesirable variable, i.e.,
�ys14j ¼ V�ys14j <V . However, for j 2 J2; ys14 ¼ 0, hence

�ys14j ¼ V: Thus, any convex combination of the �ys14j ,
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i.e.,
P

j kj�y
s1
4j � V , due to the fact that all �ys14j � V .

Hence, we can write ss14 ¼ P
j kj�y

s1
4j � �ys14jo , which is

non-positive. But, since ss14 � 0; then ss14 ¼ 0, which
proves the result.

Given Theorem 3.1, models (3.5) and (3.5’)
would appear to be appropriate for deriving effi-
ciency scores for any DMUs, whether those DMUs
lie in J1 or J2, remembering that for j 2 J2; ys14 ¼ 0.
Hence, the term ss14 =�y

s1
4jo

in the objective functions
for DMUs jo 2 J2 is unnecessary and can be deleted,
if desired.

In the following section, we discuss the applica-
tion of these models to the problem of measuring
the efficiency of each of a set of districts in a
Canadian province in terms of highway resurfacing
operations in those districts.

4. Application

In Table 1 below, we display the input and output
variables for the 18 districts analyzed. Recall that
factor yu4j denotes the dual role variable representing
the reclaimed asphalt mixed with new material.
When viewed as an output, its slack is denoted as
suþ41 ; when yu4j is viewed as an input, we represent its
slack by su�41 . It is positioned in the table before
Output 1 to reflect its dual role status. We have
referred to it as Output 4. As well, we show the
transformed version of the stored asphalt (desig-
nated as Output 5). We point out that in the data
set for this particular application, all districts fall

under Case 1, namely yc4j > yu4j. This would be com-
mon in most settings involving pure resurfacing,
except possibly where highways are reconstructed
due to increased usage (traffic); in this case 2-lane
highways may be widened to 4-lane structures,
meaning that far more asphalt is generally needed
than is extracted from the roadway.

Models (3.5) and (3.5’) were implemented and
the results are displayed in Tables 2 and 3, respect-
ively. Six (6) of the 18 districts (namely 1, 2, 5, 8,
15, 16) are efficient under both the input and out-
put status of the dual role variable. Eleven (11) of
the 18 districts were deemed efficient by regarding
the reclaimed asphalt (yu4j) as an input rather than
as an output, and eight (8) were deemed efficient by
regarding the variable as an output. Only in the case
of the two districts, 9 and 12, did the output scores
strictly outperform the input scores.

Table 4. presents an aggregated version of Tables
2 and 3 in that it displays the optimal efficiency
score for each DMU and the slacks corresponding
to that optimal score. The slacks play the important
role of declaring which outputs and/or inputs cur-
rently exhibit inefficiencies. See for example, the
data for district #13, namely.

The “scaled” inefficiency of 1.38 for district 13
(its score with the dual role variable treated as an
output) is accounted for through unscaled slacks

Table 1. Data for 18 District.
DMU # Input 1 Input 2 Output 4 Output 1 Output 2 Output 3 Output 5
District Expenditure x1j Climate x2j Asphalt used yu4j KM y1j Traffic y2j Average Life Span y3j Asphalt not stored �ys14j
1 4.3 47 84 69.9 97.4 19 35
2 6.1 70 54 61.6 26 23 26
3 5.8 70 45.6 31 44 22 12
4 5.9 75 56 61.6 16 19 15
5 6.7 70 34 56 16 27 1
6 4.5 75 67 44.6 26 14 32
7 5.5 76 47 51.7 18 16 31
8 4.6 72 78 49.2 23 23 27
9 5.8 74 94 55.8 18 23 5
10 5.7 64 35 40.7 33 18 31
11 5.9 78 76 40.2 88 18 32
12 10.7 75 93 35 64 15 28
13 10.8 74 54 58.1 24 13 24
14 7 80 76 41.3 76 27 23
15 5.2 55 87 77.2 59 20 22
16 9.6 95 23 33.5 87 25 34
17 7.9 85 77 48.2 97 12 30
18 4.8 78 56 35.8 97.4 15 27

Connection between Table 1 and Model 3.5 (yu4j output) and Model (3.5’)
(yu4j input)
Column in Table 1 Constraint in Model (3.5) Constraint in Model (3.5’)

Input 1 (3.5b) (3.5’b)
Input 2 (3.5c) (3.5’c)
Outputs 1,3 (3.5d) (3.5’d)
Output 2 (3.5e) (3.5’e)
Output 5 (�ys14j ) (3.5f) (3.5’f)
Output 4 as an Output(yu4j) (3.5g) (3.5’g)

(1)District (2)Efficiency (3)s�1 (4)s�41/s
þ
41 (5) sþ1 (6) sþ3 (7) ss14

13 1.38 4.26 3.86 0.00 10.50 3.00
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4.26, 3.86, 0.00, 10.50, 3.00. Therefore, this district is
inefficient on all discretionary factors, except for the
output corresponding to “KM resurfaced.”

5. Multiple co-products

The methodological development above presumes
that a single co-product is being considered. What
we now wish to examine are situations where more
than a single co-product may be present. There are
numerous examples of this appearing in several dif-
ferent industries, many involving recycling. In an
earlier paper, Cook, Li, Li, and Liang (2017) evaluate
the efficiencies of the provinces/regions in China.
There, water is a major input to economic progress
of any region, but as well waste water is an undesir-
able output from manufacturing processes in a
province. However, following recycling, some of that
(recycled) water is fed back into the system.
Furthermore, clean air that is free of hazardous
gases can also be seen as an input to the process.
An output from the economic activity is the build-
up of undesirable gasses, some of which are
removed from the atmosphere following recycling
efforts, with the result that cleaner air enhances the
environment. In a completely different setting, some
automobile manufacturers, for example, have built a
strong network of suppliers committed to working
on closed-loop systems that recycle factory waste
into new vehicle parts or plant supplies.

To address situations where multiple co-products
are present, let us first revisit the single co-product
situation above, and suppose that rather than solv-
ing two problems for each DMU (one for the dual
role variable behaving as an input, and one for it
behaving as an output), we instead wish to solve a
single problem that incorporates both roles. First,
we define the binary variable z, where z ¼ 1 if the
dual role variable behaves as an output, and z¼ 0 if
the variable behaves as an input. Now, replace

constraint (3.5g) in model (3.5) and (3.5’g) in model
(3.5’) by the single constraintX

j

kjy
u
4j � zsu�41 þ 1� zð Þsuþ41 ¼ yu4jo ;

and replace the last term of the corresponding
objective functions, i.e., su�41 =y

u
4jo and suþ41 =y

u
4jo by the

single term zsu�41 =y
u
4jo þ ð1�zÞsuþ41 =yu4jo . Now consider

model (5.1) which allows for both roles simultan-
eously for the variable yu4jo , and thus combines the
two models (3.5) and (3.5’). Note that in the interest
of brevity we do not repeat constraints in model
(5.1) that appear in model (3.5)

Max s�1 =x1jo þ
X3

r¼i;r 6¼2

sþr =yrjo þ ss14 =�y
s1
4jo

þ zsu�41 =y
u
4jo

þ 1� zð Þsuþ41 =yu4jo
(5.1a)

Subject to:
(3.5b), (3.5c), (3.5d), (3.5e), (3.5f), (3.5h)X
j

kjy
u
4j�zsu�41 þ 1�zð Þsuþ41 ¼ yu4jo

Table 2. (yu4j as Input) Efficiency Scores and Related Slacks.

(1) District (2) Efficiency (3)s�1 (4)su�41 (5) sþ1 (6)sþ3 (7)ss14
1 0 0.00 0.00 0.00 0.00 0.00
2 0 0.00 0.00 0.00 0.00 0.00
3 0 0.00 0.00 0.00 0.00 0.00
4 0.96 0.00 0.00 0.00 3.20 11.80
5 0 0.00 0.00 0.00 0.00 0.00
6 0 0.00 0.00 0.00 0.00 0.00
7 0 0.00 0.00 0.00 0.00 0.00
8 0 0.00 0.00 0.00 0.00 0.00
9 4.80 0.00 33.33 0.00 0.00 22.24
10 0 0.00 0.00 0.00 0.00 0.00
11 0.98 1.00 0.00 26.09 1.91 1.84
12 2.21 6.40 9.00 34.90 4.00 7.00
13 1.38 4.26 3.86 0.00 10.25 3.00
14 1.43 2.22 0.00 26.39 1.07 9.60
15 0 0.00 0.00 0.00 0.00 0.00
16 0 0.00 0.00 0.00 0.00 0.00
17 1.39 3.31 0.00 14.63 6.57 3.63
18 0 0.00 0.00 0.00 0.00 0.00

Table 3. (yu4j as Output) Efficiency Scores and
Related Slacks.
(1) District (2) Efficiency (3)s�1 (4)suþ41 (5)sþ1 (6)sþ3 (7)ss14
1 0 0.00 0.00 0.00 0.00 0.00
2 0 0.00 0.00 0.00 0.00 0.00
3 3.1 1.16 32.67 23.25 0.00 17.26
4 2.24 1.6 28 8.3 0.00 20
5 0 0.00 0.00 0.00 0.00 0.00
6 1.18 0.20 17.00 25.30 5.00 3.00
7 1.67 1.2 37 18.2 3 4
8 0 0.00 0.00 0.00 0.00 0.00
9 0 0.00 0.00 0.00 0.00 0.00
10 2.55 1.40 49.00 29.20 1.00 4.00
11 1.26 1.60 8.00 29.70 1.00 3.00
12 0 0.00 0.00 0.00 0.00 0.00
13 2.28 2.7 8 28.6 0 12
14 1.71 2.70 8.00 28.60 0.00 12.00
15 0 0.00 0.00 0.00 0.00 0.00
16 0 0.00 0.00 0.00 0.00 0.00
17 1.75 3.60 7.00 21.70 7.00 5.00
18 2.12 0.50 28.00 34.10 4.00 8.00

Table 4. DMUs Efficiency Scores and Related Slacks.
(1)District (2)Efficiency (3)s�1 (4)su�41 /s

uþ
41 (5)sþ1 (6)sþ3 (7)ss14

1 0 0.00 0.00 0.00 0.00 0.00
2 0 0.00 0.00 0.00 0.00 0.00
3 0 0.00 0.00 0.00 0.00 0.00
4 0.96 0.00 0.00 0.00 3.20 11.80
5 0 0.00 0.00 0.00 0.00 0.00
6 0 0.00 0.00 0.00 0.00 0.00
7 0 0.00 0.00 0.00 0.00 0.00
8 0 0.00 0.00 0.00 0.00 0.00
9 0 0.00 0.00 0.00 0.00 0.00
10 0 0.00 0.00 0.00 0.00 0.00
11 0.98 1.00 0.00 26.09 1.91 1.84
12 0 0.00 0.00 0.00 0.00 0.00
13 1.38 4.26 3.86 0.00 10.25 3.00
14 1.43 2.22 0.00 26.39 1.07 9.60
15 0 0.00 0.00 0.00 0.00 0.00
16 0 0.00 0.00 0.00 0.00 0.00
17 1.39 3.31 0.00 14.63 6.57 3.63
18 0 0.00 0.00 0.00 0.00 0.00
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X
j

kjy
u
4j�zsu�41 þ 1�zð Þsuþ41 ¼ yu4jo (5.1g)

kj � 0; 8j; s�i ; s
þ
r � 0; i ¼ 1; r ¼ 1; 3;

ss14 ; s
u�
41 � 0; z binary (5.1i)

Since model (5.1) is nonlinear, we introduce a
change of variables t1 ¼ zsu�41 ; t2 ¼ ð1�zÞsuþ42 .

For variable t1 introduce the three constraints

t1 � Mz; su�41 � t1 and su�41 � t1 þM 1�zð Þ (5.2a)

For variable t2 introduce the three constraints

t2 � M 1�zð Þ; suþ41 � t2; and suþ41 � t2 þMz

(5.2b)

The constant M here is taken to be a large positive
number. Observe that in (5.2a), if z¼ 1, then t1 ¼ su�41 ;
in (3.7b) if z¼ 0, then t2 ¼ suþ41 . Incorporating the above
change of variables and constraints (5.2a) and (5.2b)
into model (5.1), the resulting linear integer model (5.3)
is equivalent to the pair of models (3.5) and (3.5’).
Specifically, the optimal solution to (5.3) for any given
jo will see either z¼ 0 or z¼ 1, hence determining
whether for that district jo, the amount of reclaimed
asphalt that is repurposed to create new asphalt (i.e.
yu4jo), should be treated as an input or output.

Max s�1 =x1jo þ
X3

r¼i;r 6¼2

sþr =yrjo þ ss14 =�y
s1
4jo

þ t1 þ t2

(5.3a)

Subject to:
(3.5b),(3.5c),(3.5d),(3.5e),(3.5f),(3.5h)X
j

kjy
u
4j�t1 þ t2 ¼ yu4jo (5.3g)

t1 � Mz (5.3i)

su�41 � t1 (5.3j)

su�41 � t1 þM 1�zð Þ (5.3k)

t2 � M 1�zð Þ (5.3l)

suþ41 � t2 (5.3m)

suþ41 � t2 þMz (5.3n)

kj � 0; 8j; s�i ; s
þ
r � 0; i ¼ 1; r ¼ 1; 3;

ss14 ; s
u�
41 s

uþ
41 ; t1; t2 � 0; z binary (5.3o)

Now suppose K co-products are generated by a
given process, with each serving as either an input
to or output from that process. Model (5.3’) general-
izes the single co-product model (5.1). Note that
constraints (5.3’f), (5.3’g), and constraints (5.3’i)
through (5.3’o) are invoked for each co-product k.
As well, the objective function contains a term
involving each of the K co-products.

Max s�1 =x1jo þ
X3

r¼i;r 6¼2

sþr =yrjo þ
XK
k¼1

ss1k4 =�ys1k4jo
þ tk1 þ tk2

� �
(5.3a)

Subject to:
(3.5b),(3.5c),(3.5d),(3.5e),(3.5h)X
j

kj�y
sk1
4j �ss1k4 ¼ �ys1k4jo

; 8k (5.3f)

X
j

kjy
uk
4j �tk1 þ tk1 ¼ yuk4jo ; 8k (5.3g)

tk1 � Mzk; 8k (5.3i)

su�k
41 � tk1; 8k (5.3j)

su�k
41 � tk1 þM 1�zkð Þ; 8k (5.3k)

tk2 � M 1�zkð Þ; 8k (5.3l)

suþk
41 � tk2; 8k (5.3m)

suþk
41 � tk2 þMzk; 8k (5.3n)

kj � 0; 8j; s�i ; s
þ
r � 0; i ¼ 1; r ¼ 1; 3;

ss1k4 ; su�k
41 ; suþk

41 tk1; t
k
2 � 0; zk binary (5.3o)

6. Conclusions

The original CRS and VRS models serve in most sit-
uations as convenient vehicles for measuring the
performance of a set of DMUs. However, in certain
settings, such as in the case of highway resurfacing
discussed herein, two issues arise that potentially
render the conventional models ineffective. The first
issue in this particular setting is that in the oper-
ation of resurfacing highways, the common practice
is to remove some thickness of the old asphalt from
the road bed to obtain a uniform base upon which
“new” asphalt will be placed. In so doing, however,
the resurfacing operation creates an undesirable out-
put. This then gives rise to a second issue, namely
that a portion of that undesirable output, the
reclaimed material, can serve as a beneficial input to
the new pavement mix, thereby reducing some of
the undesirable waste asphalt that would otherwise
be detrimental to the environment. Reclaimed
asphalt therefore plays a dual role in the dynamic
highway resurfacing processes.

In this setting, the standard CRS model may mis-
represent inefficiencies along some of input or out-
put dimensions, meaning that a modified
methodology is recommended in order to properly
respect the dynamics of the operational process. As
well, using a single enhancement factor u in the
usual radial form of the output-oriented CRS, can
create projections that fail to move directly to the
frontier; the DMU may move to a projected point
that is only weakly efficient. Furthermore, certain
factors are non-controllable or non-discretionary. As
a result, we propose herein to use a type of additive
or slacks-based DEA model such as to present an
accurate picture of the efficiency shortfalls concern-
ing the various dimensions.
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The additive DEA methodology developed herein
has the potential for capturing operational efficiency
in many recycling applications. When co-products/
by-products come, for example, from dynamic oper-
ational processes, often in the form of multistage or
network processes, those co-products are often
recyclable. Moreover, such products can often be
recycled in such a way as to create various levels or
categories of reclaimed or recycled materials.
Consider, for example, the paint manufacturing pro-
cess mentioned above. There, undesirable co-prod-
ucts may be recyclable to varying levels of quality or
purity (e.g., high, medium and low quality). Waste
water recycling may exhibit a similar property.
Further research in this area is recommended. Such
research might focus on recycling categories and dif-
ferent types of frontiers, aimed at creating a type of
balanced benchmarking methodology to handle eco-
nomic and environmental efficiency issues in per-
formance evaluation.

Note

1. As discussed earlier, the reclaimed asphalt stored, ys14j
is seen as an environmental hazard. In selecting V,
we might choose to think of it as the largest or
worst value that this variable can assume, hence �ys14j
represents the amount of that undesirable factor not
experienced or not stored. This quantity can then be
regarded as the environmental damage avoided.
Clearly the size of V chosen is arbitrary; in the
application discussed later we set V ¼ maxj fys14jgþ1.
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